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a b s t r a c t

The crystal structures and phase stability of the ternary alloys R3T4 + xAl12�x (R=Y, Ce, Gd, U, Th; T=Fe,

Ru) have been investigated using the interatomic potentials obtained by the lattice inversion method.

These compounds crystallize in the hexagonal Gd3Ru4Al12-type structure and the calculated lattice

constants correspond well with the experiments. Among the four different kinds of Al sites in the

structure, the most preferential sites for Fe atoms or Ru atoms are 6h sites. The properties related to

lattice vibration, such as the phonon density of states (DOS) and Debye temperature of R3Fe4Al12, have

been evaluated. A qualitative analysis is carried out with the relevant potentials for the vibrational

modes, which makes it possible to predict some thermodynamic properties.

& 2009 Elsevier Inc. All rights reserved.
1. Introduction

During the past few years, ternary alloys and intermetallic
compounds of the R–T–Al systems (R=rare earth; T=transition
metal) have received considerable attention from the materials
community. These aluminides exhibit distinctive physical proper-
ties such as the coexistence of magnetism and superconductivity,
heavy-fermion behavior, or valence fluctuations [1–3]. Since the
discovery of Gd3Ru4Al12 compound by Gladyshevskii et al. [4], a
number of Ru-based and Os-based aluminides had been synthe-
sized in 2002 [5]. More recently, several groups have focused their
attention on the Fe-based and Co-based aluminides, and the R

element extend from lanthanide to the actinide [6–10]. It has
been found that U3Fe4 + xAl12�x is a good candidate for a spin-
glass-like behavior system due to the ordered geometrical
configuration [9,10]. The R3T4Al12 ternary compounds crystallize
in a hexagonal structure (S.G. P63/mmc) with seven different
crystallographic positions: R (lanthanide or actinide) atoms
occupy the 6h1 sites, whereas T (transition metal) and Al atoms
are located at the 2a, 6g, 2b, 4f, 6h and 12k symmetry sites. The T

atoms can substitute for Al atoms up to a rather large extent in
the ternary phases, and the site preferences are of particular
interest during the substitution. According to Concalves’s X-ray
powder diffraction analysis of U3Fe4 +xAl12�x, the positions for Fe
atoms substituting Al atoms are 12k, 6h and 4f sites, most likely
6h site [10]. One purpose of this work is to investigate the site
ll rights reserved.
preference from the viewpoint of energy. It is accepted that the
local atomic environment determines whether the energy of a
compound is low enough to form a stable structure with a certain
type. To our knowledge, the thermodynamics properties of these
ternary aluminides have not been reported up to now. In this
work, the lattice constants, phases stability, phonon density of
states, specific heat, vibrational entropy and Debye temperature
of the R3T4 +xAl12�x (R=Y, Ce, Gd, U, Th; T=Fe, Ru) compounds
have been investigated by atomistic simulations with a series of
effective potentials.
2. Methodology

Large-scale atomistic simulations have been widely used in
investigating the properties and behaviors of different materials
with complex structures. One of the key problems is how to
obtain the effective potentials to describe the interaction between
atoms. Some empirical or semi-empirical potentials, such as
Lennard–Jones potential, embedded-atom-method potential, and
tight-binding Gupta-type potential, etc., are often employed [11].
There are many adjusting parameters in the formalism of these
potentials and the adjusting parameters are usually determined
by fitting to some experimental data of the systems involved,
for instance, the lattice constant, cohesive energy, elastic
constants, vacancy formation energy and so on. Sometimes, it
is hard to obtain some reliable experimental data such as the
elastic modulus of the brittle materials and the single vacancy
formation that may differ with the different experimental
techniques employed [12]. Furthermore, the potentials between

www.elsevier.com/locate/jssc
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Fig. 1. Potential curves of FU�Fe(r), FU�Al(r) and FFe�Al(r).

Table 1
Morse parameters of the inverted pair potentials.

R0 (Å) D0 (eV) a

Y–Y 4.079 0.514 8.716

Ru–Ru 2.941 0.941 10.103

Al–Al 3.006 0.423 8.919

U–U 3.942 0.662 7.345

U–Ru 3.306 1.058 8.558

Th–Ru 3.387 0.981 8.848

U–Al 3.468 0.592 8.871

U–Fe 3.202 0.884 8.684

Th–Fe 3.308 0.757 8.586

Th–Al 3.644 0.534 8.851
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actinide atoms and transition metal atoms are few in the
literature.

In this paper, the interatomic potentials are derived directly
from the cohesive energy curves based on the lattice inversion
method. The technique used for obtaining the ab initio

pair potential was initially proposed by Carlsson, Gelatt and
Ehrenrchich (CGE) [13]. However, the expression for their solution
includes infinite summations, each of which includes infinite
terms, making it inconvenient for analysis. Chen et al. used the
Mobius-inversion formula in number theory to obtain pair
potentials not only for the pure metals, but also for the
intermetallic compounds with faster convergence than the CGE
method [14–16]. A brief introduction to this method is given as
follows.

2.1. Acquisition of cohesive energy curves

In order to obtain the necessary interatomic potentials,
some simple and virtual structures are designed. Here we take
a single crystal as an example to explain how to calculate
the partially cohesive energies. The partial cohesive energy of
distinct atoms ERu�Al(x) could be obtained from a B2 or CsCl
structure:

ERu�AlðxÞ ¼ EB2
Ru�AlðxÞ�ESC

RuðxÞ�ESC
Al ðxÞ ð1Þ

Here x is the nearest neighbor distance in the B2 structure,

EB2
Ru�AlðxÞ represents the total energy curve with the B2 structure,

and ESC
RuðxÞ or ESC

Al ðxÞ is the total energy function with the SC

structure. In addition, the partial cohesive energy of identical
atoms EAl�Al(x) could be obtained from a BCC structure if we
consider a BCC Al structure as a B2 structure with two simple
cubic (SC) sub-lattices Al1 and Al2:

EAl�AlðxÞ ¼ EBCC
Al ðxÞ�ESC

Al1
ðxÞ�ESC

Al2
ðxÞ ð2Þ

Here EBCC
Al�AlðxÞ represents the total energy curve with the BCC

structure, and ESC
Al1
ðxÞ or ESC

Al2
ðxÞ is the total energy function with the

SC structure. Thus, a series of partial cohesive energy curves
corresponding to the interaction between identical atoms and
distinct atoms have been obtained in the same way.

In this work, the total energies of different structures
are obtained by the ab initio calculations using ESOCS program,
which are provided by Materials Simulation Incorporation.
The augmented spherical-wave method [17,18] and the local
density functional theory are adopted. A series of total energies
are calculated with various lattice constants at equal intervals of
0.1 Å. In each case, more than 80 k-points in an irreducible
Brillouin zone are taken into account in a self-consistent
calculation. The energy convergence error is 2�10�6 eV/atom.

2.2. Lattice inversion technique

In general, the cohesive energy, E(x), for each atom in a crystal
structure can be expressed as a sum of pair potential F(x), such
that:

EðxÞ ¼
1

2

X
Ria0

FðRiÞ ¼
1

2

X1
n ¼ 1

r0ðnÞF½b0ðnÞx� ð3Þ

where x is the nearest neighbor interatomic distance, Ri is the
lattice vector of the ith atom, r0(n) is the nth-neighbor coordina-
tion number, and b0(n)x is the nth neighbor distance. By
a self-multiplicative process of the element in b0(n), the b(n)
forms a closed multiplicative semi-group, in which, for any
arbitrary two integer m and n, there always exists an integer k,
so that b(k)=b(m)b(n). Then the general equation for the
interatomic pair potential obtained from inversion could be
expressed as

FðxÞ ¼ 2
X1
n ¼ 1

IðnÞE½bðnÞx� ð4Þ

where I(n), inversion coefficient, can be uniquely determined from
the crystal structure as

X
bðnÞjbðkÞ

IðnÞr b�1 bðkÞ

bðnÞ

� �� �
¼ dk1 ð5Þ

Note that the I(n) is only structure dependent and is not
related to concrete element category. Then the interatomic pair
potentials can be obtained from the known cohesive energy
function, E(x). Fig. 1 gives several important relevant interatomic
potentials of U–Fe–Al system as a function of the interatomic
distance, r. These inverted pair potentials are approximately
expressed as Morse function:

FðxÞ ¼D0fexp½�aðr=R0�1Þ��2exp½�ða=2Þðr=R0�1Þ�g ð6Þ

where r is the distance between two atoms, and D0, a and R0 are
potential parameters, which are given in Table 1.

As the inverted potentials are obtained by a strict lattice
inversion of crystal cohesive energy curves, it can be deduced that
the pair potentials could properly reproduced the cohesive
energy, the bulk modulus and some other simple properties. This
method has been applied successfully to study the site preference
and lattice dynamics of rare-earth compounds with CaCu5-type
compounds and their derivatives [19–24]. Moreover, the techni-
que was also used to investigate the properties of transition metal
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carbides and nitrides [12,25–28]. Therefore, this rigorous and
concise inversion technology is adopted in this work, and we
could simulate multi-elemental systems with a large cell, e.g.
(U3Fe4 + xAl12�x)2�2�4.
3. Results and discussion

3.1. Crystal structure of R3T4Al12

Ternary aluminides with the formula R3T4Al12 crystallize in the
hexagonal Gd3Ru4Al12-type structure, which were first deter-
mined by Gladyshevskii et al. [4]. There are 6 rare earth atoms and
32 metal atoms located at seven different symmetry sites of space
group P63/mmc. The crystal structure of R3T4Al12 could be
considered as two kinds of layer stacking up along the hexagonal
c axis. Fig. 2 shows the two kinds of layer (I) and (II). As previously
described [4,10], T atoms in the layer (I) form a series of triangular
meshes, and the centers of meshes are located by Al atoms either
approximately in the plane (Al-4f) or above or below the plane
(Al-12k). R atoms in the layer (II) are located at the apexes of
triangles on one side; Al (6h) atoms are arranged in the equilateral
triangles on the other side.

The structural stabilities and lattice constants of R3T4Al12 (R=Y,
Ce, Gd, U, Th; T=Fe, Ru) compounds are studied by a series of
tests. If the inverted potentials are effective and reasonable, they
Fig. 2. Crystal struct

Table 2
The structural stability of Y3Fe4Al12.

Parameters for deformation structure

a, b, c (Å) a, b, g (deg)

10,10,12 90,90,120

6,6,5 90,90,120

8.8,8.8,9.4 80,70,100

8.8,8.8,9.4 100,90,90

4,5,7 80,90,110

9,10,11 90,95,140

Atoms random-shift 0.2 Å

Atoms random-shift 0.4 Å

Atoms random-shift 0.6 Å

a Original parameters: a=b=8.817 Å, c=9.364 Å, a=b=901, g=1201, and the space g
might make the deformed structures recover to the equilibrium
phase with the lowest energy. The deformed structures were
reconstructed by random atom shifts (RAS) and global deforma-
tions (GD). In the RAS tests, the atoms in the crystal are randomly
shifted up to a certain distance from its equilibrium positions. In
the GD tests, some operations (such as stretching, compressing,
shearing and a combination of these) are performed on the initial
model. All these distorted structures are taken into the force
fields, which are set up by a series of interatomic potentials, and
then the energy minimization procedures are performed. As
shown in Table 2, over quite a large range of deformations, the
structures of Y3Fe4Al12 can return to the same crystal parameters
as before, i.e., the final structure is stable over quite a large range
of phase space. Based on the final stable structure, the lattice
constant and cohesive energy could be acquired, and the
calculated results of R3T4Al12 (R=Y, Ce, Gd, U, Th; T=Fe, Ru) are
listed in Table 3 together with experimental data from the
literature [3–5,9,10]. It can be seen that our results agree with the
experimental data and the deviations are less than 4%. These
results testify that the potentials here are effective and reasonable
for these ternary compounds.

3.2. Site preference of R3T4 +xAl12�x

The transition metal atoms (T) could substitute for Al atoms in
a rather large extent in the R–T–Al systems, and what we
ure of R3T4Al12.

Can these parameters return to

the original onesa

Space group

P63/mmc Yes

P63/mmc Yes

P1 Yes

P1 Yes

P1 Yes

P1 Yes

P1 Yes

P1 Yes

P1 Yes

roup is P63/mmc.
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Table 3
Comparison of calculated lattice parameters and energy with experimental data.

Compounds a (Å) c (Å) E (eV/atom)

Cal. Exp. Err. (%) Cal. Exp. Err. (%)

Y3Fe4Al12 8.817 9.364 �4.569

Ce3Fe4Al12 8.942 9.537 �4.412

Gd3Fe4Al12 8.969 9.434 �3.946

U3Fe4Al12 8.852 8.752a 1.14 9.433 9.265a 1.81 �5.066

8.852 8.745b 1.22 9.433 9.259b 1.88

Th3Fe4Al12 9.096 9.713 �4.646

Y3Ru4Al12 9.032 8.777c 2.91 9.708 9.523c 1.94 �4.864

Ce3Ru4Al12 9.136 8.865d 3.05 9.831 9.570d 2.73 �4.751

Gd3Ru4Al12 9.137 9.869 �4.362

Gd3Ru4.13Al11.87 9.134 8.814e 3.63 9.865 9.569e 3.09 �4.396

U3Ru4Al12 9.036 9.711 �5.373

Th3Ru4Al12 9.215 9.835 �5.214

a Ref. [10].
b Ref. [9].
c Ref. [5].
d Ref. [3].
e Ref. [4].
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concerned is which site may be the most stable position for T

atoms in the process of substitution. Generally, the energy is an
important criterion for the reason that the system with lower
energy would be more stable than that with higher energy.
Another criterion is the tolerance, which characterizes the
deviation of the atomic position distribution. In a crystal with
certain space group, each atom should occupy the symmetry site
specifically. Ternary addition will cause a deviation of the atoms
from the ideal sites and the tolerance increase significantly. When
the tolerance increases to a certain extent, the crystal symmetry is
fully destroyed, and the structure cannot form a stable phase with
the previous space group. In our experience, the phase is unstable
and the structure would not exist in experiment when the
tolerance exceeds 0.6 Å. As a result, the tolerance criterion and the
energy criterion are adopted in this work.

The calculation is performed with a supper-cell of 16 formula
units, and T atoms substitute for Al atoms at each site with
different concentrations. Then the energy minimization method is
applied to relax the system under the interaction of potentials. In
order to reduce statistical fluctuation, 20 samples are taken for
each case with the equivalent Al sites randomly occupied by T

atoms.
The calculated average energies and tolerances of U3Fe4 + x

Al12�x and Th3Fe4 + xAl12�x are shown in Fig. 3 when Fe atoms
occupy the 2b, 4f, 6h and 12k sites, respectively. The figure clearly
shows that all the tolerances are less than 0.6 Å, which indicate
that all the compositions after substitution belong to the
Gd3Ru4Al12-type structure. The average energies decrease when
Fe atoms substitute for Al atoms at each of the four sites, which
mean that the addition of Fe atoms increases the stability of U–
Fe–Al systems. Further, the energy decreases most significantly
while Fe atoms preferentially occupy the 6h sites, the energy
decreases less significantly if Fe atoms occupy 4f sites, and even
less corresponding to 2b and 12k sites. Therefore, Fe atoms
preferentially occupy the 6h site based on the lowest average
energy and the acceptable tolerance.

The calculated tolerances of U3Ru4 +xAl12�x and Th3Ru4 +x

Al12�x are plotted in Fig. 4. It can be seen form the figure that
the tolerances are much larger than 0.6 Å when Ru atoms occupy
the 2b, 4f and 12k sites, which means that the crystal symmetry is
destroyed and the phase is unstable in each case. Only when the
Ru atoms substitute for Al atoms at 6h sites, the tolerances would
decrease. As a result, the Ru atoms would occupy 6h sites during
the substitution based on the tolerance consideration. The final
average energies of U3Ru4 + xAl12�x and Th3Ru4 + xAl12�x are
decrease with the increase of Ru content, which indicate that Ru
atoms can also play a role in stabilizing the structure.

The calculated result shows that T (T=Fe, Ru) atoms preferen-
tially occupy 6h sites, which is consistent with experiments
derived from X-ray powder diffraction data [4,10]. As can be seen
from Fig. 2, the Al (6h) sites with a slight substitution by T atoms
are arranged in the equilateral triangles on the plane (II) together
with the rare earth triangles.

3.3. Elastic properties of R3T4Al12

Generally, the mechanical properties of these ternary com-
pounds can hardly be measured experimentally due to their
brittleness and low symmetry. Also, a huge computer resource is
required to calculate them by an ab initio method because of their
complex structures. In this work, the elastic constants and bulk
moduli of R3T4Al12 (R=Y, Ce, Gd, U, Th; T=Fe, Ru) have been
calculated by the inverted interatomic potentials. The results are
listed in Table 4. It can be seen from the table that U3Fe4Al12 has
the largest bulk modulus of all the Fe-based aluminides, and
U3Ru4Al12 has the largest bulk modulus of all the Ru-based
aluminides. In general, the R3T4Al12 compounds possess similar
mechanical properties.

3.4. Vibrational properties of R3T4Al12

Phonon density of states (DOS) reflects the lattice dynamic
properties, and the derived specific heat and vibrational entropy
are important thermodynamic parameters. Based on the effective
potentials and lattice dynamic theory, the phonon DOS of
R3Fe4Al12 (R=Y, Ce, Gd, U, Th) are calculated by considering the
contribution to the DOS of the distinct atoms. Note that the
phonon DOS and thermodynamic properties of these compounds
with Gd3Ru4Al12-type structure are first evaluated at an atomistic
level. Fig. 5 shows the calculated total phonon DOS of U3Fe4Al12

and Th3Fe4Al12 as well as the partial DOS of different elements. It
can be seen that Al atoms offer the dominant vibrational modes in
the high frequency region. Fe atoms largely contribute to modes
with lower frequencies. U atoms and Th atoms, however, only
contributes to modes below 4.00 THz.

In the present work, the localized modes have been analyzed
qualitatively from the interatomic potentials by considering the
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Fig. 3. Tolerance and average energy variations with x when Fe atoms occupy different sites in U3Fe4+ xAl12�x and Th3Fe4+ xAl12�x.

Fig. 4. Tolerance variations with x when Ru atoms occupy different sites in U3Ru4 + xAl12�x and Th3Ru4+ xAl12�x.

Table 4
Elastic constants and bulk moduli of R3T4Al12 (R=Y, Ce, Gd, U, Th; T=Fe, Ru).

Compounds Elastic constants Cij (GPa) Bulk

modulus (GPa)

C11 C12 C13 C33 C44 C66

Y3Fe4Al12 311 117 71 351 67 97 166

Ce3Fe4Al12 296 108 80 366 73 94 166

Gd3Fe4Al12 338 135 83 405 74 101 187

U3Fe4Al12 349 131 92 412 83 109 193

Th3Fe4Al12 279 116 75 316 62 82 156

Y3Ru4Al12 285 157 69 365 56 64 170

Ce3Ru4Al12 284 139 76 382 66 73 170

Gd3Ru4Al12 302 152 77 355 65 75 174

U3Ru4Al12 332 168 86 433 74 82 198

Th3Ru4Al12 294 166 78 399 68 64 181
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nearest neighbors. Take U3Fe4Al12 as an example. The U–U bond
distance is 3.52 Å, which is longer than the other bond distances,
indicating a weak bonding interaction between them. The
neighbors of a U atom are 11 Al atoms, and the distances
range from 3.08 to 3.22 Å. The distance between U and its nearest
Fe is 3.32 Å. It can be seen from Fig. 1 that U reacts strongly with
Fe and Al at these distances. The mass of U is much larger than
that of Al and is thus assumed motionless relative to the Al atom.
Some Al atoms are restricted to the ‘potential well’ fu�Al(r). This
might be the reason for the appearance of Al-localized modes that
correspond to the higher transected frequency. U atoms only
contribute to lower frequency vibrations because of their large
atomic mass. The interaction between U and Fe is intense at their
closest point (3.32 Å). However, Fe atoms could not excite more
modes with higher frequency compared to Al atoms due to the
heavy mass of Fe. It should be noticed that the nearest distance
between Fe and Al is 2.36 Å, indicating very strong interaction
between these two atoms. This means that the Al atoms
contribute to higher frequency modes than Fe atoms because of
the light Al atoms.

The Phonon DOS of R3Ru4Al12 (R=Y, Ce, Gd, U, Th) are similar
with that of U3Fe4Al12. The total vibrational modes could be
marked as three parts: Al atoms offer the dominant vibrational
modes with highest frequency, Ru atoms excite the localized
modes with lower frequency, and the rare earth atoms only
contribute the localized modes below 4.5 THz.
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Fig. 5. Phonon DOS of U3Fe4Al12 and Th3Fe4Al12.
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The Debye temperature of a material is a suitable parameter to
describe phenomena of solid-state physics that associated with
lattice vibrations. In this section, the lattice specific heat, CV(T), is
calculated by following formula:

CV ðTÞ ¼ 3NkB

Z 1
0

ð‘o=kBTÞ2e‘o=kBT

ðe‘o=kBT�1Þ2
gðoÞdo ð7Þ

where g(o) is total DOS. In the conventional Debye model, the
Debye temperature YD can be defined as ‘om=kB, the specific
heat can be written as

CV ðTÞ ¼ 3NkBðT=YDÞ
3
Z YD=T

0

x4ex

ðex�1Þ2
dx ð8Þ

where x¼ ‘o=kBT. The Debye temperature could be calculated
through the formulas above based on the total vibrational DOS.
The Debye temperatures of U3Fe4Al12 and Th3Fe4Al12 are 295 and
267 K, respectively. Unfortunately, in the existing literature, there
are no experimental data on the Debye temperature of these
compounds.
4. Conclusion

The structural properties of R3T4 + xAl12�x (R=Y, Ce, Gd, U, Th;
T=Fe, Ru) with Gd3Ru4Al12-type structure have been investigated
by using a series of interatomic pair potentials acquired from
lattice inversion method. The energies and space groups of the
ternary systems are calculated based on the long-range interac-
tion between atoms, and used as the criterion for site preference.
Calculated results demonstrate that T atoms would substitute for
Al atoms preferentially at 6h sites. The calculated lattice constants
coincide with the experimental data. Furthermore, the lattice
vibrational properties of R3Fe4Al12 have been evaluated, and the
contributions of different elements to the total phonon density of
states are analyzed qualitatively with the relevant potentials.

The method utilized in the present investigation offers a rather
easy and direct way to investigate the structural properties of
complex compounds. The main advantage is that these potentials
are directly extracted from ab initio calculations without any
experimental data and a priori potential function forms, which
reduce some uncertainties in the derivation of potentials.
However, the pair potentials are not universal for any atomistic
simulation due to the inherent disadvantage, especially in solving
the problems such as defects, surface vacancies etc. The three-
body potentials and many-body potentials should be considered.
These issues call for further study.
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